This paper is concerned with the problem of scattering of time-harmonic electromagnetic waves from penetrable diffraction gratings in the 2D polarization case. We propose a new, weakly singular, integral equation formulation for the scattering problem which is proved to be uniquely solvable. A main feature of the new integral equation formulation is that it avoids the computation of the normal derivative of double-layer potentials which is difficult and time consuming. A fast numerical algorithm is also developed for the scattering problem, based on the Nyström method for the new integral equation. Numerical examples are also shown to illustrate the applicability of the new integral equation formulation.
Introduction
The integral equation method plays an important role in both the theoretical analysis and the numerical solution of wave scattering problems (see, e.g., [10, 11, 20] ). For example, the integral equation methods have been developed and studied for the scattering problems by bounded obstacles (sound-soft, sound-hard, and impedance cases) in [10, 11, 15] , by periodic structures (called diffraction gratings in the physical and engineering sciences) in [2, 17, 18, 22, 23] , and by unbounded rough surfaces in [6-8, 25, 26] .
When the scattering obstacles or surfaces are penetrable, the scattering solution satisfies the transmission boundary conditions on the interfaces. In this case, the mostly used integral equations involve combined single-and double-layer boundary operators and their normal derivatives; see, e.g., [10, 12] for the bounded obstacle case and [23, 24] for the periodic surface case. In [19] , several single integral equation formulations were developed for the transmission scattering problem, and in [9, 14] , the multiple traces boundary integral equation formulations have been proposed for acoustic scattering by composite structures. It is remarked that spectral methods have also been developed in [13] for the periodic case, with the help of the form of quasi-periodic Green's functions. In all the above works, the integral equation formulations contain the hypersingular normal derivatives of double-layer boundary operators which are difficult and time consuming to be computed numerically.
Recently in [1] , different from the classical integral equation approach for the scattering problem with a bounded penetrable obstacle, the scattered field is represented by a singlelayer potential, leading to a new integral equation formulation which involves only single-layer boundary operators and their normal derivatives and therefore is weakly singular. The unique solvability of the new integral equation is established in [1] by employing the invertibility of the single-layer boundary operator.
Motivated by this, in this paper, we consider the problem of scattering of time-harmonic plane waves by a C 2 -smooth periodic penetrable interface in R 2 . We use only single-layer potentials to represent the solution of the scattering problem, and then derive a new boundary integral equation formulation for the scattering problem by using the transmission boundary conditions on the interface. This new integral equation has a simpler form than the classical one and leads to a new, fast numerical method to solve the scattering problem. This numerical method avoids the computation of the normal derivatives of double-layer boundary operators, which occur in the classical boundary integral equation formulations and are difficult and timeconsuming to be computed numerically. This new integral equation is proved to be equivalent to the scattering problem and also uniquely solvable. We will also show by numerical examples that the numerical algorithm based on this new integral equation is convergent. This paper is organized as follows. In Section 2, we first introduce the scattering problem and then recall its existence and uniqueness results. We study some properties of the singleand double-layer boundary operators in periodic surfaces in Section 3 and review the classical boundary integral equations in Section 4. In Section 5, we present the new integral equation for the scattering problem and prove its equivalence to the scattering problem as well as its unique solvability. In Section 6, we discuss the Nyström method for the new integral equation in detail, and in Section 7, some numerical examples are given to show the convergence of the Nyström method. The final section 8 gives some conclusions.
The Scattering Problem
Suppose the penetrable diffraction grating Γ in R 2 is given by
with a 2π-periodic function γ ∈ C 2 . Then the whole space is divided by Γ into two parts:
which are filled with different homogeneous materials described by two different refractive indices k 2 0 > 0 and k 2 1 > 0, respectively. Assume that a plane wave, which is given by
is incident onto the penetrable grating from the top region Ω 0 , where d = (cos θ, − sin θ) is the incident direction, θ is the incident angle, α = k 0 cos θ and β = k 0 sin θ. Then the problem of scattering of time-harmonic electromagnetic waves by the diffraction grating Γ in the 2D polarization case can be modeled by the Helmholtz equations
with the transmission conditions
where u is the total field which is the sum of the incident wave u i and the scattered wave u
, ν is the normal vector at Γ directed into Ω 0 , | + and | − indicate the limits obtained by approaching the boundary Γ from the top domain Ω 0 and the bottom domain Ω 1 , respectively, and λ is the transmission constant on the grating Γ (note that λ = k In this paper we assume that λ satisfies one of the following three conditions:
and (iii) λ = 1. These conditions guarantee the uniqueness of solutions to the above scattering problem (see, e.g., [24] ).
Since the incident wave u i is α-quasiperiodic in x 1 -direction, that is,
and the grating Γ is periodic, the total field u is also required to be α-quasiperiodic:
Further, the scattered field u s = u − u i in Ω 0 and the transmitted field u in Ω 1 are assumed to be bounded, which together with the quasi-periodicity of u implies that u s and u satisfy the Rayleigh expansion conditions (RECs):
with the Rayleigh coefficients u (j) n ∈ C, j = 0, 1, α n = n + α and
for j = 0, 1. In this paper, we always assume that β (j) n = 0 for all n ∈ Z, j = 0, 1. We remark that our approach also works for the case when the bottom layer Ω 1 may have a complex wavenumber k 1 . In this case, β (1) n should be defined as β
n with the branch cut being taken so that Re(β
For simplicity, hereafter, we use Ω j (j = 0, 1) and Γ again to denote the same sets restricted to one period 0 < x 1 < 2π.
In this paper, the solution of the scattering problem will be studied in suitable Sobolev spaces. To this end, for any p ∈ R we introduce the following Sobolev spaces of α-quasi-periodic functions:
where Ω 0h := {x ∈ Ω 0 : γ(x 1 ) < x 2 < h} for h > γ M , Ω 1h := {x ∈ Ω 1 : h < x 2 < γ(x 1 )} for h < γ m and H p (Γ) and H p (Ω jh ) are the standard Sobolev spaces of functions defined on Γ and Ω jh , respectively (j = 0, 1).
(Γ) and the scattering problem can be rewritten as the transmission problem: For f ∈ H 1/2 α (Γ) and
Arguing similarly as in the proof of Theorem 2.2 in [24] , we can obtain the following uniqueness and existence results of solutions to the transmission problem (2.5)-(2.9).
depending continuously on the boundary data.
Layer Operators on Periodic Surfaces
We now study properties of single-and double-layer operators on the periodic surface Γ. To this end, for arbitrarily fixed wave number k > 0 let Φ(x, y) = (i/2)H (1) 0 (k|x − y|), x = y, and let
with β n = 0, where β n is defined as β (0) n in (2.4) with k 0 replaced by k. Then Φ and G are the free-space Green's function and the free-space α-quasiperiodic Green's function in [17] ).
Define the single-and double-layer operators:
and their normal derivatives:
The properties of the layer operators S, K and K are similar to the corresponding operators defined on a closed smooth curve with the kernel Φ(x, y), so we have the following two theorems (cf. Theorems 8.22 and 8.25 in [20] ). 
For the single-layer boundary operator defined on a closed smooth curve C with the kernel Φ(x, y), it is well known that it is invertible in the Sobolev space H −1/2 (C) if k is not an interior Dirichlet eigenvalue (see [10] for a proof). However, the single-layer boundary operator S defined by (3.1) on the periodic curve Γ has a better property that it is invertible in the Sobolev space H −1/2 α (Γ) for all wave numbers k satisfying β n = 0 for all n ∈ Z, since no Dirichlet eigenvalues exist in either the upper domain Ω 0 or the lower domain Ω 1 , as presented in the following theorem. 
To prove Theorem 3.3, we need the following result on the well-posedness of the boundary value problem in Ω 0 or Ω 1 with a Dirichlet boundary condition on Γ. This result is proved in the classical spaces in [17] (see Theorem 5 in [17] ) and can be easily extended to the case of Sobolev spaces.
2) with j = 0 or (2.3) with j = 1 has a unique solution w which depends continuously on the boundary data, where j = 0, 1. Further, the normal derivative ∂w/∂ν on Γ satisfies the estimate
We now prove Theorem 3.3 with the help of Lemma 3.1.
Proof of Theorem 3.3. We first prove that S is injective. Assume that Sφ = 0 for some Then the operator S is injective, so its inverse S −1 exists. We now show that S −1 is a bounded linear operator from H 
From Green's formula we have
Then, letting x → Γ from Ω 0 and Ω 1 , respectively, we have
Summing up the above two equations gives
The proof is thus completed.
The invertibility of S plays a key role in deriving our new integral equation.
Classical Boundary Integral Equations
We now review the classical formulation of boundary integral equations for the scattering problem (2.
α (Γ), and G j (x, y) stands for the quasi-periodic Green's function defined as G with k replaced by k j , j = 0, 1. Then this leads to the classical boundary integral equation:
Here, S j , K j , K j , and T j are defined as S, K, K , and T with G replaced by G j , j = 0, 1. It was proved in [24] that the integral equation (4.3) is uniquely solvable. This kind of integral equations is widely used in the numerical solutions of the scattering problems by bounded penetrable obstacles (see, e.g., [12, 16, 19] ). The numerical discretization of single-and double-layer boundary operators is discussed in [20] , and that of their normal derivatives is presented in [21] . The integral equation (4.3) contains two single-layer boundary operators S j , two double-layer boundary operators K j , and their normal derivatives K j and T j , j = 0, 1. In these integral operators, T 0 and T 1 are hypersingular operators whose numerical computation is very difficult and time-consuming.
In the next section, we will derive a new boundary integral equation which only involves single-layer boundary operators and their normal derivatives whose numerical computation is easier and faster.
A New Integral Equation Formulation
In this section, we will propose a new boundary integral equation formulation for the scattering problem (2.5)-(2.9) and prove its equivalency to the scattering problem as well as its unique solvability.
We now seek a solution (v, u) ∈ H 
where φ 0 , φ 1 ∈ H −1/2 α (Γ). Then v and u are α-quasiperiodic and satisfy the Helmholtz equations (2.5) and (2.6) and the Rayleigh expansion conditions (2.2) and (2.3), respectively. From the jump properties of the single-layer potentials and their derivatives, the Cauchy data of v and u on Γ can be written in the forms:
From the transmission boundary conditions (2.7)-(2.8), we arrive at the following integral equation formulation:
We now show that the scattering problem (2.5)-(2.9) is equivalent to the integral equation (5.3). 
Letting x approach Γ from Ω 0 and Ω 1 , respectively, we have
that is,
(Γ) and satisfy that v| + = S 0 φ 0 and u| − = S 1 φ 1 on Γ. Let Denote by A the matrix operator in (5.3). Then A is a linear operator from the space H
Further, A is invertible with a bounded inverse. We first show that A is injective.
Then (v| Ω0 , u| Ω1 ) satisfies the problem (2.5)-(2.9) with f = g = 0. Then it follows from Theorem 2.1 that v = 0 in Ω 0 and u = 0 in Ω 1 . By the continuity of the single-layer potentials, we obtain that v| + = S 0 φ 0 = 0 and u| − = S 1 φ 1 = 0. By Theorem 3.2, φ 0 = 0, φ 1 = 0. This means that A is injective, and the proof is thus complete.
We have shown that A is injective, so its inverse A −1 exists. In fact, A −1 is also bounded, as proved in the following result. 
Proof. Define the operator B as
Then B is an operator from the space H 
is invertible, and its inverse 
The Nyström Method
We now use the Nyström method to solve the integral equation (5.3). The Nyström method was presented in [11] for a weakly singular integral equation of the second kind over a closed smooth curve. The method is a little different for the periodic curve case.
Suppose the points on Γ have the parametric representation of the following forms:
x(t) = (t, γ(t)), 0 t 2π, and let y = x(τ ). Then the boundary integral operators (3.1) and (3.3) can be written as
Write S(t) = (Sφ)(x(t))e −iαt , K(t) = (K φ)(x(t))e −iαt and ψ(τ ) = φ(x(τ ))e −iατ . Then ψ is periodic, and the integral operators S(t) and K(t) have the following forms
Since G(x, y) is α-quasi-periodic, G(x(t), x(τ ))e −iα(t−τ ) and ∇G(x(t), x(τ ))e −iα(t−τ ) are periodic. So the integrands of S(t) and K(t) are 2π-periodic with respect to t and τ . Thus, the integration interval [0, 2π] can be translated into [t − τ, t + τ ]. Define the transformation F by
where the square brackets mean rounding towards minus infinity. Then the interval [0, 2π] is transformed into [t − π, t + π] by F . The purpose of this transformation is to move the singularity at τ = t to the middle of the integration interval for convenience when dealing with the singular integration. So the integral operators S(t) and K(t) can be written in the following forms:
The quasi-periodic Green's function G is defined in terms of an infinite series which converges very slowly, so its numerical computation is time consuming, especially for large wave numbers k. Many efficient numerical methods have been developed to compute the quasi-periodic Green's functions. Recently, we have developed a fast FFT-based algorithm for efficient computation of the quasi-periodic Green's functions [27] , which will be used in this paper. To this end, we rewrite the Green's function and its gradient as the sum of a regular and a singular functions:
where g 1 , g 2 are C µ functions (0 < µ < 2)and h 1 , h 2 are singular functions with the singularity at 0. The singular functions h 1 and h 2 are defined by
where x = (x 1 , x 2 ), r = x 2 1 + x 2 2 and X (r) is a smooth cutoff function supported in [−1, 1] . Let
Then we have
The kernel functions G 1 and G 2 are regular, so the first terms can be calculated by the classical quadrature rules. Now consider the second terms. Let r(t, τ )
Then, similarly as in [11] , we split the kernels up into the two sums:
where
To apply the Nyström method, the functions M 1 and L 1 are required to be periodic. To this end, we need to introduce a cutoff function into the representation of these two functions. Choose the set of knots: t j = (j/n)π, j = 0, . . . , 2n − 1, and use the quadrature rule
with the quadrature weights given by
and the trapezoidal rule
Then the integral operators S(t) and K(t) can be approximated as follows:
Let r n j = R n j (0). For the points t l , l = 0, . . . , 2n − 1, we have
Let r n |l−j| = R n |l−j| (0) and let
We now apply the above discretization method to the integral equation (5.3). Multiply the integral equation (5.3) by the factor e −iαt and define ψ j (t) = e −iαt φ j (x(t)), j = 0, 1, f (t) = e −iαt f (x(t)) andĝ(t) = e −iαt g(x(t)). Then the integral equation (5.3) can be rewritten as
Apply the discretization formulas (6.1) and (6.2) to the integral operators S m and K m , respectively, and denote by P m (l, j) and Q m (l, j) the corresponding kernels P (l, j) and Q(l, j), respectively, with m = 0, 1. Then the discrete form of the integral equation (6.3) becomes
The linear system (6.4)-(6.5) can be solved by many numerical methods, such as the GMRES method, the conjugate gradient method and the multi-grid methods.
Numerical Results
In this section, we will present some numerical examples to show that the Nyström method derived from the new integral equation (5.3) is effective.
We first present two examples for a flat interface, that is, Γ = Γ 0 := {x ∈ R 2 : x = (x 1 , 1)}, to show the convergence of our numerical scheme. In this case, if the incident field is a plane wave, that is,
, then the scattered field u s and the total field u have the following explicit presentations:
The first example is for the TM-polarization case with k 0 = 2, k 1 = 4, λ = k , Γ = Γ0. , Γ = Γ1. , Γ = Γ1. We next present eight numerical examples for periodic profiles: four for the TM-polarization , Γ = Γ2. , Γ = Γ1. , Γ = Γ1. . We will also evaluate the values of the total field at the points P 1 , P 2 , P 3 , P 4 with different N .
In the numerical examples, we consider two grating profiles Γ 1 and Γ 2 given by Γ 1 := {(t, 1 + 0.15 cos 2t + 0.1 sin t) : t ∈ R}, Γ 2 := {(t, 1 + 0.1 sin t + 0.1 cos 6t) : t ∈ R}.
From the numerical results in the above tables it can be concluded that the Nyström method is convergent even for large wave numbers. However, when the wave numbers are getting larger, a much finer mesh grid is needed for a better numerical accuracy. 
Conclusion
We introduced a new integral equation for the scattering problem from penetrable diffraction gratings (periodic interfaces), which was proved to be equivalent to the scattering problem and uniquely solvable for all but a discrete set of wave numbers. Different from the classical integral equation formulation, the new equation involves only single-layer boundary operators and their normal derivatives which are weakly singular and easy to compute numerically. The Nyström method was then developed for solving the new integral equation effectively, leading to an efficient numerical algorithm for solutions of the scattering problem. Numerical results have also been provided to illustrate the effectiveness of the method. It is remarked that the fast numerical algorithm developed in this paper for the direct scattering problem can be applied to solve the inverse problem of reconstructing the penetrable grating profile from the measured near-field data (see, e.g., [3, 4] ).
